Observations of Late Pleistocene and Holocene sea-level change relative to the crust exhibit very considerable variations across NW Europe in consequence of the response of the Earth's crust to the deglaciation of Fennoscandia and of the water added to the oceans from the melting of all Late Pleistocene ice sheets. Inversion of sea-level observations from a site near the centre of the Fennoscandian ice sheet and from three sites located beyond the margin of the ice sheet at the time of maximum glaciation yield a range of plausible models for the Earth's response and for the ice models. Further constraints on this range of models is placed by a comparison of observed sea-levels with predicted values at other sites near the former ice sheet margins. The resulting mantle parameters are: upper mantle viscosity (3-5) X 10'' Pa s; lower mantle viscosity (2-7) X loz1 Pa s; lithospheric thickness 100-150 km. These values represent effective parameters that describe the response of the Earth to surface loading of short to intermediate wavelengths on a time-scale of 104yr. The lower mantle viscosity is poorly constrained but the marked increase from upper to lower mantle is a characteristic of all plausible solutions. The inversion places a constraint on the total volume of ice in the Fennoscandian ice sheet such that the equivalent sea-level rise from this contribution is about 13-14 m. A less well-determined constraint of about 10 m equivalent sea-level rise is suggested for the Barents-Kara ice sheet. The inversion also indicates that a small amount of melt-water, from ice sheets far away from Europe, continued to be added into the oceans during Late Holocene time so as to raise the equivalent sea-level by about 3 m during the past 6000 yr, consistent with similar inversions of data from sites in the Australian and Pacific regions.
INTRODUCTION
The glacial rebound of Fennoscandia is one of the classical problems of geophysics dating back to the observation in 1865 by T. F. Jamieson that the elevated shorelines of northern Europe were indicative of the Earth's adjustment to the removal of the Late Pleistocene ice sheets. Much work has been done to quantity this rebound, including the pioneering work of Haskell, Niskanen, Gutenberg and Vening Meinesz in the 1930s and 1940s (see Cathles 1975 and the more recent work by McConnell (1965) , Cathles (1975) , and Peltier & Andrews (1976) . There are a number of reasons for re-examining the problem including improved observational evidence, improved modelling methods, and a need to have a better understanding of the mantle's rheology for understanding the forces driving plate tectonics and mantle convection. Mantle viscosity is an essential parameter in quantifying convection and the driving mechanisms of the plates but little is known with certainty about its depth and lateral variation. The analysis of sea-level change throughout the Holocene from widely different localities permits both this depth and geographical dependence to be examined. A study of the Late Holocene highstands along the tectonically stable margins of Australia, for example, suggests a value for the upper mantle viscosity of about (2-3) x lOZ0Pa s and a value for the lower mantle (below the 670 km seismic discontinuity) of about loZ2 Pas. Observations from South Pacific Islands suggest a somewhat lower value s1OZ0Pas for the upper mantle (Nakada & Lambeck 1989 ) and this variation is consistent with lateral temperature variations between continental and oceanic mantle. Can the European observations of sea-level change in the North and Baltic Seas contribute further to deciphering the possible lateral variation? Can these observations establish reliable bounds on the mantle parameters beneath the region?
The primary observational sites used in this paper lie either near the centre of the rebound or at a sufficient distance from the ice margin to not be strongly influenced by inadequate knowledge of the evolution of these margins. The spatial variation in sea-level change along the coast of NW Europe is primarily the result of the Fennoscandian ice sheet and the sea-level change produced by more distant ice sheets is essentially constant over the region (see below). In order to eliminate uncertainties to the sea-level curve from the melting of the Laurentide and Antarctica, spatial differences are used in the first instance. Temporal differences of these spatial differences are then used to eliminate any systematic errors resulting from unknown height datum corrections. These double differences from the selected stations establish constraints on the earth model parameters and on a scaling parameter for the ice volume.
Comparisons of the observed and predicted spatial differences, based on these parameters, establish the datum shifts and further comparisons of the observed (corrected for datum shifts) and predicted sea-levels determine a corrective term for the models of the melting of the distant ice sheets. A unique set of parameters is not necessarily found from such an analysis but comparisons of predicted and observed sea-levels for other sites, nearer to the ice margins, not used in the analysis, help to discriminate between the possible solutions even though the levels at these sites are sensitive to the details of the ice model.
MATHEMATICAL FORMULATION
Geomorphological indicators specify the positions of former shorelines at latitude q, longitude A at times t relative to the present shore line at time to as A t ( q 7 3,: t ) = 5 ( q , A: t ) -5 ( q , 1: to)
where t is the level at any time t relative to some arbitrary crustal reference point. In the absence of vertical tectonics the sea-level change can be expressed as the sum of three terms and the relative change, expressed with respect to the present sea-level, can be written as (cf. Nakada & Lambeck 1989 , equation 2)
A ( ( q , A : t ) = A t , ( q , A : t ) + A 5 i ( q , A : t ) + A t , ( q , A : t ) . (2b)
The first term in both expressions t,, or A t r , is the change in sea-level that results if ice melting occurred on a rigid earth and includes the gravitational attraction of the ice and water. It is a function of the time and space history of the ice load Z(t) and of the geometry of the oceans O(t) into which the melt-water is being deposited. Far from the ice sheet f', approximates the equivalent sea-level change tes, defined by t,,, = (change in ocean volume)/(ocean surface area).
Spatial departures from this equivalent sea-level function can be as large or larger than this amount itself and this definition, as a measure of sea-level, has limited usefulness beyond being an estimate of the change in ice volume through time. The second term, Ci or A t i in equations (2) corresponds to the additional change in sea-level produced by the deformation of the Earth in response to the glacial unloading. It is a function of the Earth's rheology (the function q ) and of the ice load I(?). The third term, 5 , or At,, is the additional deformation produced by the loading of the melt-water distributed into the oceans and is also a function of q, of the ocean geometry O(t) and of the sea-level change ((t) itself.
Equation (2) is solved iteratively for t(t) subject to the condition that mass is conserved and that the ocean surface remains an equipotential at all times (Farrell & Clark 1976 ). The solution is obtained describing the ice and melt-water load in terms of truncated spherical harmonic expansions and the relative sea-level is expressed as The limit N required to ensure convergence of the solution is a function both of the location of the site and of the Earth's response function and can be very high. For example, for sites near the Fennoscandian ice margin and for sites within large bays far from the ice this limit approaches 180 for ACw, depending on the chosen rheological parameters appropriate for the Earth (Nakada & Lambeck 1987) . In consequence, a very high spatial resolution of both the ice Z ( t ) and ocean O(t) function is required in order to adequately describe the sea-level fluctuations at sites in the vicinity of the ice loads as well as at sites with complex ocean geometries. In this paper N = 180 has been used throughout.
Earth model
The rebound phenomenon is modelled in terms of a linear viscoelastic radially symmetric Maxwell body. The parameters defining the initial elastic deformation are the seismically derived shear (p) and bulk moduli and the depth-density relation is also based on the seismically defined model of Dziewonski & Anderson (1981) . The viscosity parameters ( q ) appropriate for the model are largely unknown and the assumption made is that the stress-strain rate is a function of depth only. A two-parameter mantle viscosity model has been adopted; an upper mantle viscosity qum defined as an average value between the base of the lithosphere and the 670 km seismic discontinuity, and a lower mantle viscosity q,,,, describing the viscous response of the region from this latter boundary down to the core-mantle interface. The lithosphere is assumed to have a very high viscosity of at least loz5 Pa s so that its stress relaxation time constant, defined as q / p , is of the order of 106yr or longer and the lithosphere effectively responds to the glacial cycle loads as an elastic layer. The thickness of this layer will be regionally variable but a nominal constant value is adopted. Table 1 summarizes the range of earth models considered in the forward modelling described below.
Ice model
The Fennoscandian ice sheet covered an area about 4 x lo6 km2 ( Fig. 1 ) and includes the ice cover over the 
Russian Plain with dimensions comparable to that of the Fennoscandian ice dome. Evidence for crustal rebound in eastern Svalbard, Archangel Bay, and Novaya Zemlya point to a major ice sheet having existed over the Barents Sea (Salvigsen 1981; Johnson & Andrews 1986 ) but the timing of this occurrence remains poorly constrained and others (e.g. Boulton et al. 1982) have argued that the observed rebound reflects earlier glaciation cycles and that this region was ice free during latest Pleistocene time. Insufficient evidence is available for a realistic description of this load and a simple model is adopted which consists of a circular surface area and a parabolic cross-section, centred over the BarentsKara shelves, and which holds a volume of ice that contributes to a sea-level change about equal to the volume of the Fennoscandia ice dome at the same time and which melted at the same rate. This approximate model is consistent with that proposed by Hughes et af. (1981) for their maximum ice model. Trial calculations have indicated British Isles. The maximum extent of the ice sheet occurred between about 20 OOO and 18 000 yr BP and the early decay apparently occurred as a series of retreats possibly followed by minor readvances. According to the syntheses by Zonneveld (1973) and Andersen (1981) , the final retreat was rapid after about 10 OOO yr ago and the ice sheet vanished by 8000yr BP. Peltier & Andrews (1976) give the basic ice model Z ( t ) for the northern hemisphere ice sheets of Laurentia and Fennoscandia. The Fennoscandian part is based on the isochrone map of Zonnefeld (1973) and on a simple model relating the horizontal dimension of the ice dome to ice thickness. The resulting ice thickness estimates are therefore relatively uncertain, being based on model assumptions rather than on direct observations. The ICEl model defines the average heights of the ice over 5" latitude x 5" longitude areas at a number of epochs between 18000 and 6000yr ago. The 5" resolution models are inadequate for modelling rebound in the vicinity of the ice sheet and produce erroneous sea-level predictions because they do not adequately describe the load near the point at which the rebound is evaluated (Nakada & Lambeck 1987 ). Instead, a 1" spatial interpolated version of ICEl is used throughout, in which the temporal history of each ice column is based on a linear interpolation of the discrete loads given by Peltier & Andrews (1976) . Even this 1" resolution model is inadequate for modelling the sea-level response at sites near the ice margin and here realistic and detailed models of the ice load's evolution through time are essential. A major question concerning the European ice sheet is the existence or otherwise of an ice dome over the shelves of the Barents and Kara Seas at the time Of the Late that the sea-level predictions for the sites considered here are not very sensitive to the details of the geometry of this load and that this simple model is adequate, provided that it is recognized that it cannot give realistic sea-level predictions for sites near the margin of this ice sheet such as, for example, Spitsbergen and other sites to the north of the Fennoscandian ice sheet. The principal consequence of introducing the additional load is to modify the equivalent sea-level curve.
The major contribution to the equivalent sea-level curve is from the melting of the Laurentide ice sheet, including Greenland, Innuitian and the Cordilleran contributions. The adopted model for this is the 1" interpolation of the ICE1 model and it contributes 59 m to the equivalent sea-level rise since 18000yrsp. This ice sheet, together with the 1" Fennoscandian model and the Barents-Kara ice sheet is referred to as ARC3 (Nakada & Lambeck 1989 ). The ice model for Antarctica adopted here is the 1" model ANT3 of Nakada & Lambeck (1988) 
SEA-LEVEL OBSERVATIONS IN NW E U R O P E
Much of the North Sea region lies in the near-field of the Fennoscandian ice sheet, the region where the sea-level change is dominated by crustal rebound and gravitational attraction of the ice sheet. At the time of maximum glaciation the ice sheet extended over large areas of the North Sea, as well as the Baltic Sea ( Fig. 1 ) and considerable spatial variation in sea-level change can be expected from the time melting began at about 18 000 yr ago to the present. This is indeed observed when one compares the evidence for very substantial uplift of the crust relative to sea-level in the Gulf of Bothnia, typified by the Angerman River uplift, with the evidence for subsidence along the coasts of the Netherlands (e.g. van de Plassche 1982) and southern England (e.g. Devoy 1982) and Atlantic margin France (e.g. Ters 1973) (Fig. 2) . The principal observations used in this study are from these four sites: (i) Angerman River, in the Gulf of Bothnia and near the centre of the former ice sheet; (ii) Zuid Holland, about 300 km south of the ice sheet at the time of maximum advance; (iii) the Thames Estuary, also relatively distant from the main part of the Fennoscandian ice sheet but closer to the southern margin of the British Isles part of the ice sheet at its maximum extent; (iv) the coastal region of France near Le Havre. These sites are chosen because of (i) the relatively good quality of the records of sea-level change over the past 8000yr and (ii) the locations of these sites are such that the sea-level response is not strongly sensitive to the details of the ice margin reconstructions. The evidence from the Netherlands is from a variety of sources, particularly the ground water curve derived from basal peat data (van de Plassche 1982 significant differences from the mean curve are noted for the different sites but because some regional differences can be expected over these distances only the Zuid Holland and Zeeland observations are used in the first instance ( Fig. 2a) and the northeastern observations are considered separately below. The observations from Zuid Holland are important in that while they lie relatively close to the ice sheet margin at the time of maximum glaciation, the nearby ice load at this time was relatively small and the retreat was rapid from 18 000 yr BP to about 12 000 yr BP such that the sea-level observations for the past 8000 yr are not strongly dependent on the detailed description of the ice model margin. Ters (1973) has summarized the observational evidence for sea-level change along the French Atlantic coast from Calais to the Vendee and Charente-Maritime provinces, a distance of nearly 600 km. The predicted sea-levels do exhibit some variation over this distance (see Fig. 7 below) and it is preferable to examine the evidence separately for the principal localities rather than treating it as a single sea-level curve. The data set selected is for the section of coast between Le Havre and Mont St Michel because it extends further back in time than do the results for the other regions (Fig. 2b ). The observations are primarily of indicators of upper limits only such that the actual levels may lie up to several metres lower.
The Thames Estuary and the Essex coast observation of Devoy (1982) give a detailed description of a 30 m sea-level rise for this part of the coast over the past 9000 yr. The best documented evidence is for the last 8000 yr in which the rise was about 15m (Fig. 2c ) (table 3 in Devoy 1982 ). The evidence is from organic and inorganic palaeoenvironmental indicators in peats that mark the change from fresh to brackish-marine water conditions. Corrections for compaction have been applied. These observations are also of considerable value in that they lie at some distance from the major part of the ice sheet.
The Angerman River data ( Fig. 2d ) are based on elevations of raised beaches and associated marine deposits at the western margin of the Gulf of Bothnia. The importance of this information is that it is from a site near the centre of the former ice sheet and the crustal rebound rates approach maximum values. Also, because the site is not near the edge of the ice sheet, the uplift rates should not be strongly dependent on the details of the edges of the ice sheet model (see, for example, the analogous examples for the Hudson Bay of North America, fig. 9 of Lambeck 1990) .
In order to compare model predictions with these observations the latter are represented by smooth curves defined at time intervals of 1000 yr within the time range of the observed data points. The standard deviation for each interpolated observation [denoted by {"(cp, I ; t ) ] defines a range of permissible sea-levels that encompass the majority of the original data ( Fig. 2) . If high-frequency oscillations in sea-level occur, then these are treated as noise and no attempt is made here to examine the importance of minor readvances of the ice during the Late Pleistocene retreat.
Other data sets used to test model parameters that have been derived from the four sites include the northeastern data from the Netherlands in van de Plassche's (1982) compilation; the data from the Helgoland Bight (Bremerhaven) summarized by Shennan (1987) ; and the data from the Firth of Forth and Firth of Tay in Scotland (Sissons
Time-scale
The time-scale enters into the comparisons of observations and predictions of sea-level in two ways and it is important that a consistent definition is used throughout. First, the time-scale enters through the model of ice retreat. Isochrone maps have generally been constrained by the radio carbon ages, although, in Sweden and Finland varve chronologies have also been used. Second, the time-scale enters through the observational evidence of sea-level and this is also primarily determined from radiocarbon ages. (The stress relaxation constant, therefore, is referred to the I4C time-scales.) In the reconstruction of the Fennoscandian model of [and presumably also by Zonneveld (1973) , upon which the ICE1 and ARC3 models are based] ages have not been corrected for either fractionation or reservoir effects (Andersen 1981) . Typically, for carbonate material, the fractionation correction is about 430 f 50 yr while the ocean reservoir correction for this material is reasonably constant at about -400 f 50 yr over a range of middle latitudes and the neglect of both corrections appears to be reasonable. Exceptions occur at high Arctic latitudes (e.g. Spitzbergen and Arctic Canada). The sea-level data from the Thames Estuary (Devoy 1982) and from Zuid Holland (van de Plassche 1982) are primarily based on the position of peats and sediments marking the transition from non-marine to marine environments (or vice versa). For both data sets fractionation corrections have been made, in the majority of cases from individual 13C measurements. Reservoir effects for these organic materials are effectively zero. Ideally, calibrated carbon ages should be used to make them consistent with the varve evidence. However, the 14C calibration curves do not extend much beyond 8000yr ago (Stuiver et al. 1981) and, furthermore, the varve ages themselves do not appear to be very accurate for Holocene time. Also, the Swedish varve ages for Angerman River are dependent on estimates of present rebound. The chronology has been examined by Fromm (1970) who concluded that a systematic correction of 200 yr is required and that the uncertainty of these ages is about f250yr for the past 10000yr (see also Tauber 1970) . The other correction that is required to match the 14C and varve time-scales is to correct for the nominal 'Libby' decay constant of 5570yr to the improved value of 5730yr. The Angerman River observations of Liden (1938) are based on an old Swedish varve chronology that needs the application of the above-mentioned corrections to bring them to the 14C time-scale. The total correction ranges from -100 to -200yr for the youngest observations to 500yr for the observations at 9000 yr ago. The age standard deviations are taken to be 250yr throughout. In the modelling it is 
-
preferable to assume that time is precisely established and that the height accuracy estimates contain the timing errors. The height standard deviations, therefore, are taken to be equal to the change in height that is predicted to occur during the interval of one age standard deviation.
--

Datum shifts
The past sea-levels are variously expressed as relative to the local geodetic datum or to a particular tidal reference, or based on other assumptions as in the case of the Angerman River data. For present purposes, the datum should be the level at which the peats, varves or other indicators are forming today but generally observations over the past lo00 or 2000yr are sparse and the origins are poorly defined. There remains, for example, a question whether the ground water curve defined by the peats corresponds to the mean tidal range or to the high tide level (e.g. Jelgersma 1979) . Certainly in the case of the varve evidence the height datum is largely unknown and established from an assumed rate of uplift of the crust in recent time. For this reason the past sea-level curves used here are assumed known to within a constant datum shift for each site and the unknown is eliminated by using temporal differential heights defined at each site for times tj,tk as 
PRINCIPAL CHARACTERISTICS OF THE THEORETICAL SEA-LEVEL CURVE
Equation (2) is solved for the three components cr,ci and c, , using the Fennoscandia (including the British Isles), Barents-Kara, Laurentide, and Antarctic ice models discussed above. Sea-levels are computed for sites in NW Europe so that a detailed and accurate ice model for Fennoscandia only is necessary, although it is important that the combined equivalent sea-level curve for the other ice sheets is reliable. Several different earth models covering a range of plausible viscosity profiles are used and the appropriate parameters are summarized in Table 1 The rigid term 5, includes the effect of the rise or fall in sea-level resulting from deglaciation or glaciation on a rigid earth, with the requirement that the new sea surface remains an equipotential at all times. Within the ice sheet itself the shift of the equipotential surface is the sum of two opposing effects: as melting proceeds, the equipotential drops because of the reduced gravitational attraction of the ice load but at the same time sea-level rises. This first part will depend primarily on the immediate ice load whereas all ice sheets contribute to the second part. At the Angerman River site the two contributions to 5, from the northern ice sheets ARC3 are almost equal but of opposite sign, with the result that C, is nearly zero (see Fig. 3a ).
Near the edge of the ice sheet, at Edinburgh for example, the melt-water contribution exceeds the gravitational attraction of the ice and the result on the rigid earth is a rise in sea-level as melting proceeds but at a rate that is less than the rate at which melt-water is added into the oceans (Fig.  3b) . Further away, in Zuid Holland, beyond the limit of the ice sheet at the time of maximum glaciation, the rigid term is one of a rise in sea-level from 18 000 to about 6000 yr ago (Fig. 3c) and is similar to the Edinburgh result. The maximum rise predicted for the rigid earth model here is about 50 m compared with a maximum equivalent sea-level rise of 88m (from ARC3 only) and sites such as Zuid Holland or southern England are not free from the influence of the self-attraction of the ice sheet. Even at sites as far away from the ice margin as SW France (Biarritz) the gravitational attraction of the ice sheet is still important (Fig. 3d ) and only at sites further than about 3000 km from the ice margin does the rigid term approximate the equivalent sea level term. This means that this term for the distant Antarctic and Laurentia ice sheets can be assumed to be nearly constant throughout NW Europe.
The ice unloading term g1
The ice load term f, in equation (2) is a function of the evolution of the ice load geometry with time as well as of the earth's rheology. At sites within the ice sheet the 5, term dominates the other two contributions 5, and f, and the signal is one of an apparent lowering of sea-level as the crust emerges after unloading. At Angerman River, near the centre of the former Fennoscandian ice sheet, 5, has a predicted amplitude of about 500 m for the ice-earth model ARC3-E14(50) (Fig. 3a) . The corresponding ice thickness at maximum glaciation is about 3000m and the maximum expected rebound would be about 900m if a state of local isostasy had been achieved by the time the ice sheets reached their maximum extent. The difference between this maximum rebound and the observed value is a result of (i) the lithosphere possessing a finite strength so that part of the load is supported by the flexural stresses within this layer and the isostatic compensation is regional rather than local and (ii) of the rebound not yet being complete. Only if H, 2 200 km does the lithosphere begin to modify significantly the crustal response at the centre of the ice load for the period of the past loo00 yr for which observations exist (see fig. 9 of Lambeck 1990).
For sites near the margin of the ice sheet the predicted 5, term changes rapidly and can be of either sign depending just on the position of the site relative to the ice margin and on the rheological model and emphasizes once again the need for accurate and high resolution ice models at such sites. At Edinburgh f, has a maximum predicted amplitude of about 150-200m depending on the earth model adopted (Fig. 3b) . At these ice margin sites the terms f i and 5, are of comparable magnitude but of opposite sign: f, rises with increased melting whereas 5, falls. At Edinburgh f, generally exceeds f, and the predicted change from this combined effect is primarily one of an apparent lowering of sea-level. At Zuid Holland, further from the ice front and free from past localized ice loading, the two terms are of comparable magnitude (Fig. 3c) but the rate of change of f, changes with time: initially the predicted 5, is an apparent fall in sea-level as the crust rebounds to the early stage of unloading but later, as the ice retreats further from the site, an apparent rise in sea-level is predicted as the addition of melt-water overtakes the rebound. In SW France 5, is much reduced but still significant during the Early Holocene (Fig.  3d) .
As for the rigid body term, the regional variation of ci across NW Europe is almost entirely caused by the Fennoscandian ice and the contributions to f, from the distant ice sheets are nearly constant and comparatively small in magnitude. Of the latter, the Barents-Kara ice dome lies closest to the sites, particularly for Angerman River, and it does make some regionally variable contribution to the f, term although the amount is small when compared with the dominant contribution from the Fennoscandian ice. Likewise the Laurentide and Antarctic contributions to f i are nearly constant and small over the area in question and the 5, from these distant ice sheets is not strongly dependent on the choice of mantle rheology over a wide range of plausible viscosity models.
The water loading term 5 ,
Compared to f, and f, the melt-water term f, is small, rarely exceeding 2 m for the combined ARC3 and ANT3 ice models once global glaciation has been completed at about 6000-7000yr ago. In a first approximation the time dependence of the 5, term is proportional to (5, + ci) and at sites far from the ice sheet this dependence follows closely the equivalent sea-level curve. The amplitude of 5, is also a function of the load distribution in the vicinity of the site and will vary spatially over even relatively short distances if the coastline geometry is variable (Lambeck & Nakada 1990) . In NW Europe the term is small when compared with the other contributions (Fig. 3) but not insignificant relative to the reported precision of observations of sea-level change in the area. The term is variable over the region, reflecting the complex geometry of the loaded areas defined by the coastline of the North and Baltic Seas. Furthermore, the term is strongly dependent on the mantle viscosity, particularly the upper mantle viscosity.
Because much of the North and Baltic Seas are shallow, the coastline geometry is time dependent by amounts that are a function of both Z ( t ) and the Earth response function. An iterative procedure is therefore required in which in the first step the sea-level equation is solved for the present coastline geometry. A sea-level curve for each locality can then be established and the advance of the sea in the area (or retreat in a rapidly rebounding area) is approximated by a multistep ocean function. For example, at times before t,,, when local sea-level first attains 100m below present level, the coastline is taken to be this depth contour; from time t l , to time t,,, when local sea-level attains 50 rn below present level, the coastline is taken to be the 50m depth contour and after t,, to the present the modern coastline is adopted. In the present calculation a mean sea-level curve, equal to the equivalent sea-level rise, has been used for all sites in this three-step shoreline model. (The results illustrated in Fig. 3 are for the single time-step model of the ocean shoreline.) Calculations with the three-step ocean function show that the correction for the time dependence, generally small in the time interval of 0-10000yr ago, is regionally variable (Fig. 4) . Along the SW Atlantic coast of France, at Biarritz, where the 50 and 100m depth contours lie close to the current coast, the correction is negligible at all times. The correction is largest for Zuid Holland, and is nearly equal to that for the Thames Estuary, reflecting the shallow depths of the southern part of the North Sea. The correction for the Angerman River site is not appropriate because this is a region of an apparent fall in sea-level throughout Holocene time but the water load term is small, K . Lambeck, P. Johnston and M . Nakada particularly when compared with the total change predicted for this site.
Relative sea-levels
Figure 3 also illustrates the predicted total relative sea-levels for the ice model ARC3, which is the sum of the Laurentide, Fennoscandia (including the British Isles) and the Barents-Kara ice sheets. The contribution from the Laurentide, as well as from the Antarctic ice sheets (Fig.  5a,b) is quite constant over the area and approximately equal to the equivalent sea-level corresponding to these ice sheets and insensitive to the choice of earth model (Fig. 5d) . The Barents-Kara ice sheet contribution to sea-level change in Zuid Holland, the Thames Estuary, Le Havre and Edinburgh is small and spatially nearly constant, and of the sites considered here only for Angerman River is this contribution markedly different (Fig. 5c) . Nevertheless, in view of the large uplifts recorded at this site and the uncertainties in the dating of this evidence, the BarentsKara contribution to the Angerman River sea-levels is relatively unimportant and in a first approximation this can be assumed to be independent of position for the entire North Sea region. The British Isles part of the ice sheet, defined here as the part of the Fennoscandian ice sheet west of the Greenwich longitude, is the major contributor to the sea-level change at Edinburgh and is not insignificant for the other sites (Fig. 6b,d ). The Fennoscandian contribution, that part east of the Greenwich meridian, is a major contribution to sea-level change at all sites but not necessarily always the largest (compare Figs 6a,c and 5). For Zuid Holland, for example, the sea-level contributions from the Laurentide and Antarctic ice domes are of comparable magnitude but the time dependence of this combined far-field contribution is quite different from that of the Fennoscandian ice sheet and it is the ice term for the Fennoscandian ice load that is responsible for the major geographical variation that occurs in sea-level throughout northern and western Europe. Fig. 7 illustrates the total predicted sea-level change at the various sites for the ice model ARC3 + ANT3 and for two earth models E4(50) and . ' . ' . ' . ' . ' the ice sheet margin at the time of maximum glaciation, this dependence is much less and generally the four primary sites can be expected to have little resolving power for lithospheric thickness.
E14(50).
Differential sea-level change
The above predictions of the various components contributing to the sea-level change confirm the considerable spatial variation that can be expected to occur across the region, a variation that is a function of both the Earth's rheology and the model for the ice load over Scandinavia and the British Isles. Contributions from the distant ice sheets are nearly constant and nearly independent of the choice of earth model (Fig. 5) The comparison for the two earth models in Fig. 7 illustrates quite a strong dependence of the sea-level change on mantle viscosity. The dependence on lithospheric thickness is also quite strong for Some sites such as is predominantly a function of the Fennoscandian (including the British Isles) ice load only and, to a much lesser degree, of the equivalent sea-level of the total melt-water added into the oceans. Also, AC,<< ACi, and after completion of deglaciation AC, = 0 so that nC,,(t) = ACY,(t) -Ag;,(t),
where the superscript F refers to the Fennoscandian contributions. To compare predicted and observed sealevels the double differences, defined as (cf. equation 5) 0 5 t 5 8000 yr BP,
for two epochs tj,tk are used. These are free from datum assumptions made in interpreting the sea-level observations as well as being insensitive to the far-field ice sheet contributions. Fig. 9 illustrates double differences for some of the principal sites for He = 100 km and as a function of upper qum and lower qlm mantle viscosity. Superimposed upon these predictions are the observed range of double differences Sg'",tk -t l ) derived from the smoothed observations illustrated in Fig. 2 . The observed range of these double differences are defined by SC8, f a , , where the variance u& is computed on the assumption that any correlations between the interpolated data points Ato (arising, for example, from systematic sediment compaction or time-scale errors) have been ignored and they may be overestimated.
An acceptable mantle viscosity solution is defined by the common qum -qlm space for the selected time intervals.
Examples such as those illustrated in Fig. 9 indicate that differential observations involving Angerman River generally have high resolving power for upper mantle viscosity whereas the resolving power for the lower mantle viscosity is relatively poor because the wavelength of the Fennoscandian load is sufficiently short not to stress significantly this part of the mantle. Regional models of glacial rebound, using flat-earth assumptions, such as the models of McConnell (1965) will, therefore, largely suffice for modelling the Fennoscandian uplift provided that: (i) they are constrained by spatial differences of relative sea-level change rather than by the relative sea-levels themselves; (ii) that the comparisons with observations are constrained to the interval when much of the deglaciation of this ice sheet has been completed such that the term ACr is effectively zero; and (iii), corrective terms for the water loading are added. That is, the appropriate model would be nc,w = [AC:,(t) -AC&(t)l+ [ACw,p(6 -AeW.,(t)l with t 5 8000-10 OOO yr BP and where the water load terms are based on the total melt-water load.
Models with H, = 100-150 km and q,, = (2-5) x 16' Pa s are roughly consistent with the data at epochs 0-6000yr BP but at earlier epochs discrepancies between models and predictions become increasingly larger, with the observations pointing to lower apparent viscosity values (Lambeck 1990) (Fig. 10) 
where the predicted values 2 are function of the earth parameters q,,, qlm and HI. The 'error' vector E includes observational errors, any remaining model errors, or any high-frequency oscillations in sea-level.
ESTIMATION OF MODEL PARAMETERS
Equation (8) is a highly non-linear relation between the observed sea-levels and the mantle and ice sheet parameters, and a combination of forward and inverse modelling techniques has been adopted. In the first step, sea-levels are predicted for a range of earth models and p,ce The function Ern (as defined by equation 9) is generally sufficiently smooth to permit some extrapolation beyond the range of values used in the forward modelling to establish whether solutions are likely to exist outside this range. Approximate limits over which this extrapolation is reasonable are (5 X 1019 5 q,,, 5 2 x loz1) and (3 x lozo 5 qlm 5 3 X loz3) Pa s. Several local minima occur in the inversion of (10) and for each the relative sea-levels are predicted and compared with the observations to solve for datum shifts and far-field equivalent sea-level corrections subject to the condition that this latter function is zero at the present time. Acceptable solutions are then defined by the following constraints. (i) The far-field correction at 6000 yr BP is in the interval 0 to -6m: that enough melting of ice occurred to raise equivalent sea-level by up to 6 m in this interval. Similar analyses of Late Holocene sea-levels at far-field sites of Australia suggest that this correction lies in the range -4 to -3m (Lambeck & Nakada 1990 ).
(ii) The magnitude of the datum shifts at Zuid Holland, Le Havre and Thames Estuary do not exceed the maximum tidal range at each site or about f 5 m. (iii) The magnitude of the datum shift at Angerman River does not exceed 10m. This corresponds approximately to the uplift that occurs in 1000 yr which represents an upper limit to the time-scale uncertainty in the Swedish varve chronology. (iv) The rms value for each local minimum does not exceed 5 m , this value being greater than the average observational error of the double differences. None of those constraints is stringent and any local minimum that fails to meet one generally fails several. If for a particular (pice, H I ) combination more than one local minimum is found that meets these constraints within the above defined viscosity space then the minimum variance solution is adopted. For a few (jiCe,H,) combinations local minima occur in the extrapolated regions with variances that are less than the smallest local minima found within the interpolated region but they are always significantly greater than the smallest overall minima found by searching over all Pice values for constant HI. That is, for any given HI, the optimum solution for qum, qIm, Pice always lies within the interpolated region and there does not appear to be a strong case for conducting a more systematic parameter space outside the limits defined in the forward modelling. Table 2 summarizes the minimum variance solutions. For HI = 50, 100, 150 km unique solutions are found (solutions 1-3) but for the 200 km thick lithosphere models two local minima, with similar variance, meet all conditions (solutions 4,s) and from this evidence alone no distinction between the two can be made. Figs 11-16 illustrate various aspects of the solutions. Fig. 11 illustrates the residuals, normalized by the standard deviations of the observed values, for each of the five models at the four sites. The pattern of the residuals at any one site are quite similar for all models and the majority of the values lie within two standard deviations of the observed double differences. Statistically all five models fit the observations about equally well. The minimum variance as a function of pice is illustrated in Fig. 12 Table 2 .
parameter pice and this may provide some further constraint on the solutions: large ice volumes for ice domes of constant surface area are more difficult to support on a stiff lithosphere than on a weak layer because of the flexure of the lithosphere and the significant increase in ice volume for solution 5 (with HI = 200 km and pice = 1.18) may therefore be unacceptable. Without modelling the stresses generated within and at the base of the ice sheet this argument alone is probably not sufficient for rejecting this particular solution.
The corrections to the far-field part of the equivalent sea-level curve are illustrated in Fig. 14(a) for the five solutions. Individual estimates of these corrections for each site are quite similar for any one of the solutions (Fig. 14b) indicating that the correction is nearly constant over the region and consistent with the assumption that it is largely indicative of limitations of the distant ice sheets. Late Holocene sea-level observations from the Australian region yield a value of about -3 to -4 m at 6OOO yr BP (Lambeck & Table 2 .
Nakada 1990) that is only slightly dependent on HI and any values greater than this lead to a suppression of the Late Holocene emergence seen along much of the continental margin in the Australasian region and at Pacific islands.
. ' . ' . ' . ' Hence the thick lithosphere models are less satisfactory than the thinner lithosphere models. Two observations suggest that some further refinement of the far-field corrections is possible. First, the far-field corrections for the European sites exhibit somewhat greater dependence on the earth model than has been noted for the Australian sea-level solution suggesting that there may remain some influence from nearby ice loads. Second, the individual corrections for predict sea-levels that first reached their present level at about 2500-3000 yr ago, depending on the particular model ( Fig. 1% ) and this is consistent with the evidence discussed by Devoy (1982) who noted an apparent reduction in the marine effect on the estuarine sedimentation and a rise in freshwater influence over the past 3000yr. The fifth solution, in contrast, predicts a quite uniform rise of sea-level for the past 2000yr (Fig. 15d ) which appears to be excluded by the observations. Also, for this solution the required datum shift implies that the sea-level markers, primarily peats, formed more than l m below mean sea-level. Thus the datum shift corrections tend not to support the first and last solutions but the constraints again are not very strong.
Solutions for upper and lower mantle viscosity are illustrated in Fig. 16 for the five solutions and indicative effective viscosities in the range (2.5 5 q,, 5 7)1020 P a s and Table 2. the two sites most distant from the ice sheet (Thames and Le Havre) are nearly identical for each solution and different from the Angerman River correction (Fig. 14b) . Sea-levels at this last site are also more sensitive to the Barents ice sheet than are the other sites (Fig. 5c ) and the difference is consistent with a reduction in the volume of this latter ice load. A refinement of the solution is therefore possible in which the far-field correction is estimated from the two most distant sites and the difference between this and the Angerman River result is used to estimate a scaling factor /3LKs for the Barents-Kara ice sheet. Preliminary analyses suggest that / 3: , " " = 0.7, that the volume of this ice sheet needs to be reduced to about 70 per cent of that adopted in the model and that it contained enough ice to contribute to the global equivalent sea-level curve by about 10m in the interval 18000-10000yr BP. The comparable value for the Fennoscandia ice sheet is about 14m. Alternatively, and illustrating the ambiguity inherent in estimating ice model parameters, the same agreement can be reached by melting the Barents-Kara ice earlier than assumed in the ARC3 model. Further evidence from northern sites is required. The datum corrections for the five solutions (Table 2) are generally small and frequently less than the observational error so that they do not help greatly in discriminating between the five solutions. The positive datum shift for Zuid Holland in the first solution, corresponding to HI = 50 km, implies that the peats formed at a quite significant level below mean sea-level or that compaction has been significantly different than the corrections applied by van de Plassche (1982) . This solution is also unsatisfactory in that it requires the sea-level to have risen faster in the past 2000 yr than in the previous 2000 yr in order to reach the predicted present value (Fig. 15a) . Also at this same location the datum shift obtained in the fifth solution (HI = 200 km, Pice = 1.18) implies that the peats formed above van de Plassche's adopted datum by about l m but, more important, this solution predicts that sea-level reached its present value by about 2000yr BP (Fig. 15b) which is not consistent with the observations (Jelgersma 1980; van de Plassche 1982) . Along the Thames Estuary models 1-4
Sea-levels at sites near the former ice margin
The model predictions of sea-level change at sites near the margin of the former ice sheet illustrate a strong dependence on lithospheric thickness (e.g. the Edinburgh prediction in Fig. 8 ) although such predictions are also sensitive to the details of the ice model. Thus it is unlikely that, without first improving the ice models used, the sea-levels at these sites will provide good constraints on mantle rheology. Nevertheless, they may permit some further discrimination to be made between the previously established models. Sea-levels from three regions only are considered. The first is the Firth of Forth, Scotland, for which the observations indicate an oscillating sea-level for the past 10000yr (Sissons 1967; Cullingford el al. 1980) (Fig. 17a,b) . The second region is the NE province Groningen of the Netherlands (van de Plassche 1982) (Fig.  17c) . The third is from the nearby Helgoland Bight with observations from the Elbe Estuary and Eider River (West Germany) as summarized by Shennan (1987) and combined here into a single sea-level curve (Fig. 17d) : the two sites are less than 50 km apart and both observations and predictions indicate little variation of sea-level change over this distance at this locality in late Holocene time. These observations are compared with the predicted values based on the five models summarized in Table 2 .
For Edinburgh, a reasonable agreement between theory and observation is obtained for model 2 for which HI = 100 km. Furthermore, this comparison suggests that a model intermediate between 2 and 3 is appropriate. Both the 50 and 200 km thick lithospheric models can be excluded because the former produces a nearly uniform fall in sea-level for the past 15 000 yr whereas for the HI = 200 km models sea-levels have been below the present for the past 13 000 yr and in neither case is the characteristic observed signature reproduced. Three main factors contribute to the sea-level change at this Scottish site: (i) the rebound from the melting of the British Isles ice sheet; (ii) the rising sea-levels from the melting of the distant ice sheets of Laurentia, Antarctica and the Barents-Kara Seas; and (iii) the melting of the ice sheet over Fennoscandia and the associated crustal rebound. For the five models determined here the third contribution is nearly model independent and is characterized by a rising sea-level for the past 18 000 yr, adding therefore to the contribution from the distant ice sheets (the second factor). For the thin lithosphere models this combined effect is small when compared with the first factor and the predicted sea-level is one of sea-level regression throughout the past 18 000 yr. In contrast, for the thicker lithosphere models the rebound from the melting of the British Isles ice sheet is smaller and its magnitude is similar to that of the combined transgressive terms. Hence the total change is much reduced and past sea-levels are predicted to have oscillated much as observed. The second Sissons (1983) whereas the other models are much less satisfactory. Model 5 is excluded by the Groningen observations because it predicts an emergence for the past 6ooo yr that is not observed (van de Plassche 1982) (Fig. 17c) . The other models produce very similar results that agree well with the observations and no further discrimination between them is possible from this data. For the Helgoland Bight sites the thick lithosphere models also predict Late Holocene emergence and all models predict a transgression up to about 6000 yr ago that is earlier than the observed values by about 1000-1500yr (Fig. 17d) . These sites lie just beyond the ice margin at the time of maximum glaciation, but with the coarse spatial definition of the ICE1 and ARC3 models used in these predictions they actually lie within the ice sheet for Late Pleistocene time and the model here is inadequate.
CONCLUSIONS
The considerable regional variation of sea-level change observed in NW Europe is the result of the response of the Earth's crust to the Late Pleistocene deglaciation and to the redistribution of the melt-water into the world's oceans. The levels are affected not only by the Fennoscandian ice sheet but also by the melt-water from the more distant ice sheets of Laurentia and Antarctica. Both the Earth's rheology and the melting histories of the ice sheets are inadequately known for predicting this change with high accuracy and instead both earth and ice model parameters are estimated from the inversion of the observations. Some separation of the parameters defining both models is achieved by using spatial differences of sea-level change in the inversion rather than the values at individual sites. The separation is also improved by avoiding sites near the margins of the former ice sheet. Sea-levels at such sites are dependent on the details of the ice sheet retreat and the models used in the glacial rebound calculations have generally been inadequate for this. Observations at these sites are also a function of the earth model parameters and an accurate separation of the two types of parameters cannot be effected from such observations alone. Sea-levels at sites near the centre of the ice sheet or at some distance outside the former area of glaciation are less sensitive to details of the ice sheet margin and more a function of the overall ice volume. These levels are also affected by the melt-water originating from the distant ice sheets but this contribution is nearly constant over the region and can be eliminated by using spatial differences (equation 6a) in the inversion for mantle parameters.
The inversion of sea-levels observed at four sites with records extending to about 8000-9000 yr ago yielded a range of solutions for earth and ice model parameters that are consistent with observations. The earth parameters determined are average values for the viscosity of the upper and lower mantle and lithospheric thickness HI. The ice parameters determined are a scale factor for the Fennoscandian ice sheet and a correction to the Late Holocene melt-water function of the distant ice sheets (the far-field equivalent sea-level correction). Other parameters determined in the inversion are datum corrections to the sea-level observations. The parameters are generally strongly correlated and for any value of HI, for example, a set of acceptable values for the other parameters exists (Table 2) although one parameter that is relatively independent of the others is the upper mantle viscosity. Some discrimination between the five models is achieved by examining the physical plausibility of the other parameters (the datum shifts and the far-field equivalent sea-level correction) and by comparing this latter with similar results obtained from analyses of the Australian data. Some of the models are also ruled out by the observed sea-level change at ice margin sites and the optimum models are 2 and 3. For these:
(2 5 qlm 5 7) x lo2' Pa s, (1005 Hl 5 150) km.
An important result is that the viscosity for the upper mantle is an order of magnitude smaller than the lower mantle viscosity (Table 2 , models 2,3). This latter parameter remains less well resolved from the inversion of the Fennoscandian rebound alone but the need for a significant increase in viscosity between the upper and lower mantle is a requirement of all models and consistent with similar solutions obtained from Australian sea-levels. Both viscosities are effective parameters which define the response of the Earth to changes in surface loading operating on time-scales of 104yr. The upper mantle qum value represents an average value from the base of the lithosphere to a depth of 670km and some trade-off between qum and this depth is possible. The lower mantle value is actually representative of the middle mantle because the wavelengths of the ice load are insufficiently long to significantly stress the lower mantle. The preferred lithospheric thickness for the region of 100-150 km represents an average value for the region.
Similar analyses of Late Holocene sea-level change in the Australian region indicated comparable earth parameters. In this latter region the sea-level change over the past 6000-7000yr is primarily a consequence of the Earth's response to the melt-water load. Of interest is that for this (3 5 qum 5 5) x 10" Pa s, region the upper mantle viscosity is somewhat lower, (2-3) x 10" Pa s (Lambeck & Nakada 1990 ). The European observations establish the viscosity for primarily continental mantle whereas the Australian observations reflect a combination of oceanic and continental mantle. Similar but preliminary investigations for ocean island sea-levels indicate oceanic upper mantle viscosities of (5-10) x 1019Pas (Nakada & Lambeck 1989) . Further analyses of data in all regions and further refinements of the models are required, however, to substantiate these indications of lateral variation in upper mantle response. The lower mantle viscosity obtained for the Australian region is somewhat higher, about lo2* Pa s, than that obtained for Europe and one possible explanation for this difference is that the Australian result samples a greater depth range of mantle and this would point to some increase in mantle viscosity with depth below about 670 km. However, the resolving power for this parameter is relatively poor in both instances.
For the acceptable solutions the scaling factor pice for the Fennoscandian ice sheet (it scales each 1" X 1" ice column of the model at each epoch by a constant amount) is about 0.85-0.95 and indicates that a small reduction in the ice heights is required from that used in the models ICE1 and ARC3. The modification is small and reduces the Fennoscandian contribution to the global equivalent sea-level by 1-2 m to 13-14 m. A preliminary solution has also been obtained for a scale factor of the Barents-Kara ice sheet used in these calculations. This indicates that this ice dome may have contributed about 10m to the global equivalent sea-level rise from 18000yr ago to the present. The correction established for the far-field equivalent sea-level curve is very similar to that estimated from the Australian data (Fig. 16) and it indicates that melt-water continued to be added into the oceans during Late Holocene time so as to raise the equivalent sea-level by 3-4 m over the past 6OOO yr. Neither regional solution constrains the source of this melt-water but Antarctica must be one obvious region. A contribution from Late Holocene melting of mountain glaciers also cannot be excluded from these data alone.
Further improvements in these model parameters require improved ice models of very high spatial and temporal resolution. The present model predicts qualitatively, for example, the regional variation observed around Scotland or the west coast of Norway but it is inadequate for accurate quantitative modelling purposes. Further observational evidence is also required. In particular, greater geographical distribution of observation sites is desirable and records extending beyond about 8000yr BP are important for constraining both the earth and ice models.
